We construct a vertex operator realization for the simple current primary fields of WZW theories which are based on simply laced affine Lie algebras g. This is achieved by employing an embedding of the integrable highest weight modules of g into the Fock space for a bosonic string compactified on the weight lattice of g. Our vertex operators are universal in the sense that a single expression for the vertex operator holds simultaneously for all positive integral values of the level of g.
Simple currents
A simple current of a two-dimensional conformal field theory is a primary field φ J with quantum dimension 1. Simple currents can also be characterized by the property that their fusion product with any other primary field φ consists of a single primary field φ ′ = φ J ⋆ φ. It follows in particular that the set of simple currents of a theory constitutes a subgroup of the fusion ring. While these characterizations of simple currents in terms of the fusion rules are both suggestive and elegant, they require to regard the primary fields as elements of an abstract algebraic structure, the fusion ring, and hence do not provide any concrete information about the action of the simple currents on conformal fields (via the operator product), respectively on the space H of physical states. A more direct realization of simple currents in terms of the representations of the chiral algebra of the theory is therefore most desirable. For general conformal field theories such a formulation is so far not available. This is related to the fact that the fusion product of primary fields is not isomorphic to the tensor product of the representations of the chiral algebra that are carried by the primary fields, and can be regarded as another manifestation of the difficulties which lie behind the very concept of a conformal 'field'.
In the case of WZW conformal field theories, the situation is different. For these theories the chiral algebra is generated by an untwisted affine Kac--Moody algebra g, so that the welldeveloped representation theory of such Lie algebras allows one to analyse the fusion rules in considerable detail. In particular, it is known that -with the exception of an isolated case appearing for E 8 level two -the simple currents J correspond to certain symmetriesω ≡ω J of the Dynkin diagram of g; more precisely, they are in one-to-one correspondence with the maximal abelian subgroup of those symmetries. As a consequence, it has been possible [1] to realize simple currents on the irreducible subspaces of H, i.e. on the integrable irreducible highest weight modules H Λ of g, as certain linear maps
associated toω, which are uniquely characterized (see the formulae (6.1) and (6.2) below) by their action on the highest weight vector and by their commutation relations with the elements of g. The description of WZW simple currents through these maps T ω has the advantage of clearly displaying the underlying representation theoretic structures, and it also proves to be indispensable for various applications 1 of simple currents, e.g. to the resolution of field identification fixed points [3, 4, 5] . In particular, by collecting the linear maps T ω on all of the irreducible modules H Λ which belong to the spectrum of the theory, one arrives at a realization of the simple currents on the direct sum Λ H Λ of these spaces; more specifically, one has to sum over all unitary irreducible highest weight modules with some fixed positive integral value ℓ of the level, so that the direct sum Λ H Λ is isomorphic to the (chiral) state space H ≡ H g;ℓ of the WZW theory based on g at level ℓ. However, in conformal field theory one thinks of the irreducible subspaces H Λ ⊆ H as arising by the action of suitable field operators on the vacuum vector of the theory, whereas the approach of [1] is based entirely on the abstract description of the g-modules H Λ as quotients of Verma modules. Thus the realization of WZW simple currents through the maps (1.1) is still not as field-theoretic as one might wish.
In the present paper we obtain, for the case of simply-laced g, a much more concrete realization of WZW simple currents. To this end we embed the space H into the Fock space of a bosonic string that is completely compactified on the weight lattice of g [6, 7, 8] . We can then identify unitary operators U ω acting on this big space F which, when restricted to H ⊂ F , behave precisely as the linear maps T ω (1.1); in other words, we construct a mapT ω : F → F such thatT
The action of U ω on the vector space F induces in a natural manner an action on the string oscillators which operate on F, namely as conjugation x → U ω xU −1
ω of x ∈ F by U ω . Now the string oscillators (supplemented by appropriate cocycle operators) can be employed to construct a vertex operator representation of g, which by restriction to suitable subspaces of F provides in particular vertex operator realizations of the integrable irreducible highest weight representations π Λ of g. Moreover, the conjugation by U ω supplies us with a realization of the WZW simple current as an automorphism of the algebra of string oscillators, which we can supplement in such a way that it also becomes an automorphism of the extension of that algebra by the cocycle operators. Combining these results we arrive at the desired realization of simple currents on the irreducible subspaces of H. In fact, the so obtained realization of a simple current constitutes an inner automorphism of the oscillator (and cocycle) algebra; 2 in contrast, when restricted to the affine algebra g, simple currents act via certain outer automorphisms (see formula (4.1)).
Besides providing a concrete action on H, our construction has the additional benefit of being universal in the sense that a single expression for the vertex operator U ω holds simultaneously for all irreducible submodules H Λ of H. Accordingly, it is justified to call U ω the (universal) simple current vertex operator for the relevant simple current J. Furthermore, this expression for U ω is in fact even valid simultaneously for all positive integral values of the level of g. (This is possible because the string Fock space F contains all the irreducible highest weight modules for all integrable highest g-weights Λ [8] .) In other words, our realization of the simple currents not only holds for each individual WZW theory based on an affine Lie algebra g at some level ℓ, but it applies in fact to the whole collection of all (unitary) WZW theories based on g at all positive integral values of the level.
The rest of this paper is organized as follows. In sections 2 and 3 we collect those aspects of the covariant vertex operator construction and of the operation of the Lorentz group on the string Fock space and string oscillators, respectively, that are relevant to our arguments. Section 4 is devoted to a description of the pertinent features of the various automorphisms -of the Dynkin diagram, of the Lie algebra g, and of its weight space g ⋆ • -which realize the action of a WZW simple current. In order to relate these structures to those discussed in the earlier sections, it is necessary to extend the action (by conjugation) of U ω on the string oscillator algebra to include also the cocycle factors; this is achieved in section 5. In section 6 we put these results together, which finally allows us to demonstrate our main result, the identification (1.3) of the maps T ω (1.1) in terms of the simple current vertex operators U ω . We conclude with a few short remarks on possible applications and open questions.
Covariant vertex operators
We consider a free relativistic string that is completely compactified on a torus in such a way that the string momenta are constrained to lie on the weight lattice L g of a simply laced affine Kac--Moody algebra g. Such a compactified string theory provides a covariant version [6, 7, 8] of the vertex operator construction of integrable highest weight representations of g. (In the more familiar non-covariant (Frenkel--Kac--Segal [9, 10, 11] ) construction one compactifies on the root lattice of the horizontal subalgebraḡ of g rather than on the affine weight lattice.) The state space of the theory is the Fock space F that is generated from a collection of vacuum vectors Ω a with a ∈ L g by applying the creation operators of the string oscillator algebra. Note that what is usually called the weight lattice of g is not really a lattice, but a one-parameter family of lattices. Namely, it consists of the weights λ =λ + cδ whereλ is an integral linear combination of the fundamental weights Λ (i) of g and δ is the so-called null root of g, and where c is an arbitrary complex number. For the covariant vertex operator construction one rather considers only rational values of c [8] , and accordingly from now on the notation L g will refer to the one-parameter family of lattices where the parameter is restricted to lie in Q.
The string oscillators a µ m (m ∈ Z), p µ ≡ a µ 0 and q µ are the modes of the covariant Fubini--Veneziano coordinate and momentum fields
They satisfy the Heisenberg commutation relations
Here the labels µ, ν take values in {0, 1, ... , r + 1}, where r is the rank of g, and the matrix G in (2.2) denotes the metric on the weight space of g, which has Minkowskian signature. We will denote the associative algebra that is generated freely by the unit 1 and by the string oscillators a µ m , p µ and q µ modulo the relations (2.2) by A. The algebra A is a * -algebra, i.e. is endowed with an involutive automorphism ' 
where Λ (i) andΛ (i) indicate the fundamental weights of g and of its horizontal subalgebraḡ, respectively, and δ is the null root. In the basis (2.3), the metric G on g ⋆
• takes the form
i.e.
whereḠ is the (Euclidean) metric on the weight spaceḡ ⋆
• ofḡ, i.e. the inverse of the Cartan matrix ofḡ (thus the allowed range of labels ofḠ is {1, 2, ... , r}, i.e. the last term in (2.5) should be interpreteded asḠ µ,ν ≡ r i,j=1 δ i,µ δ j,νḠ i,j ). We will write inner products with respect to the metric G with a dot,
The covariant coordinate and momentum fields (2.1) can be employed to construct covariant vertex operators which, as compared to the ordinary vertex operator construction, have the advantage of commuting with the Virasoro constraints and hence being manifestly physical in the sense of string theory. Furthermore, this construction is applicable at arbitrary level ℓ of the affine Lie algebra g. Namely, for every integrable highest g-weight Λ ∈ g ⋆ • , there exists [8] a subspace P Λ of the Fock space F which carries a vertex operator representation
of the affine Lie algebra g. This vertex operator representation, which was recently also exploited in [12, 8] , will be the basis of our construction of simple currents, and therefore we will now describe it in some detail. The subspace P Λ ⊂ F on whichπ Λ operates is defined as
Here the set Ξ(Λ) is the weight system of the irreducible highest weight module H Λ with highest weight Λ, and L m , m ∈ Z, are the string Virasoro operators, which are given by
they span a Virasoro algebra of central charge c = r+1. 3 Moreover, every subspace P (λ) of P Λ can be obtained by applying so-called DDF [13] operators (which therefore constitute a spectrum generating algebra for the string) to a suitable tachyonic vacuum vector Ω a , namely to one that is associated to the weight
Note that a(λ) · a(λ) = 2 independently of λ. The representationπ Λ is of level ℓ = Λ · δ; it is defined on a Cartan--Weyl basis
:
Here α (i) are the simple roots of g (which are orthonormal to the fundamental weights, α (j) · Λ (i) = δ j i ), and cᾱ are the cocycle operators which guarantee the proper sign factors in the commutation relations of theπ Λ (Eᾱ m ). Implementing the relation
between the simple rootsᾱ (i) (i ∈ {1, 2, ... , r}) ofḡ and α (i) (i ∈ {0, 1, ... , r}) of g (θ denotes the highest root ofḡ), one learns in particular that the Chevalley generators of g -that is, the generators
for i ∈ {1, 2, ... , r}, and
) which are associated to the simple g-roots -in the representation (2.6) read
Moreover, one can check that these operators indeed commute with the Virasoro algebra, [L m , x] = 0 for all m ∈ Z and all x ∈ B(g).
The g-module P Λ (2.7) turns out to be highly reducible. It contains in particular an irreducible submodule that is isomorphic to (and will henceforth be identified with) the irreducible highest weight module H Λ . By restriction to H Λ ⊂ P Λ ,π Λ defines a unitary irreducible highest weight representation π Λ : g → End H Λ (2.14) of g. The submodule H Λ of P Λ can be described as the highest weight module that is generated from a fixed vector v
of weight Λ by application of (the enveloping algebra of)π Λ (g − ), with g − = span{H i m , Eᾱ m | m < 0} ∪ {Eᾱ 0 |ᾱ < 0}. It proves to be a crucial property of the Fock space vector v Λ Λ ∈ F that it is in fact a vector in P Λ , i.e. that it is a physical string ground state with weight Λ which satisfies
Namely, these properties are already sufficient to verify [8] that v Λ Λ both possesses the defining propertiesπ
of a highest weight vector of highest weight Λ and satisfies the irreducibility (null vector) conditions
Note that for each integrable g-weight Λ the space P Λ is by definition a subspace of the Fock space F; but in fact even the direct sum
P Λ of these spaces for all integrable weights is contained in F [8] . Moreover, in the expressions (2.11) for the operatorsπ Λ (x) no explicit reference to the highest weight Λ is necessary. Accordingly, these expressions supply us in fact with a unitary representationπ
of g on the direct sum of the spaces P Λ for all integrable highest weights. By restriction, the representation (2.20) in turn also provides a representation
of g on the direct sum H g;ℓ = Λ;Λ·δ=ℓ H Λ of the corresponding irreducible highest weight modules at any fixed value ℓ of the level, and hence on the state space of the WZW theory based on g at level ℓ. In short, for any fixed simply-laced affine Lie algebra g and arbitrary level ℓ ∈ Z >0 we can regard the WZW state space H ≡ H g;ℓ as embedded into the string Fock space F and π g;ℓ (2.21) as a level-ℓ vertex operator representation of g on H.
Lorentz transformations
The weight space g 
In the metric used here, the subgroup O ↑ (r+1,1) of orthochronous Lorentz transformations is characterized 
The operation (3.1) of O(r+1,1) on F extends to an action of Lorentz transformations on the oscillator algebra A by conjugation ad U , 
It follows e.g. that the Virasoro operators (2.8) are Lorentz singlets,
Also, the inner product of any operator x µ ∈ A that is a Lorentz vector with a weight λ ∈ḡ 7) i.e. the action on the operator can be absorbed in a transformation
of the vector λ. In particular, when M leaves the null root δ ∈ḡ ⋆
• invariant, i.e. Mδ = δ, then δ · x is invariant under ad U .
Affine Lie algebras
As already mentioned above, a simple current J of a WZW theory based on an affine Lie algebra g corresponds (except for an isolated case occurring for E 8 level two) to a symmetry of the Dynkin diagram of g. Such a symmetry can be described as a permutationω ≡ω J of the index set {0, 1, 2, ... , r} which leaves the Cartan matrix A of g invariant in the sense that Aω i,ωj = A i,j for all i, j. To such a permutation, in turn, there is associated in natural manner a distinguished outer automorphism ω of g. On the Cartan--Weyl basis (2.10) of g, this automorphism ω acts as [1, eqs. (6.7), (6. 
In (4.1), mᾱ denotes the integer mᾱ :=ᾱ
(which can actually only take the values 0 or ±1), whilē
Moreover, ηᾱ ∈ {±1} are certain sign factors, which are completely characterized by the following properties. First, ηᾱ(i) = 1 for all i = 1, 2, ... , r. And second, wheneverᾱ,β andᾱ +β arē g-roots, then ηᾱ ηβ ηᾱ +β = eᾱ ,β eω ⋆ᾱ ,ω ⋆β ,
where e ·,· is the two-cocycle which constitutes the structure constants in the Lie bracket relations [Eᾱ, Eβ] = eᾱ ,β Eᾱ +β ofḡ.
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Concerning the formula (4.2), it must be noted that the convention for the derivation of g chosen here (and in [8] ) differs from the one used in [1] : in [1] the derivation was taken to be it follows from (4.1) and (4.2) that D [1] transforms as .7)). Thus the derivation D [1] is in fact ω-invariant,
(4.10)
was constructed via this property). We will also need various properties of the mapω ⋆ . First, the relation (4.4) can also be written asω
where ω ⋆ is the linear map that is induced by ω| g• on the weight space g
for all λ ∈ g ⋆ • and all x ∈ g • . On the fundamental g-weights, this map ω ⋆ acts as [1] 
and on the simple roots and the null root as
for i = 0, 1, ... , r (4.14)
and
respectively. Moreover, for everyḡ-rootᾱ, alsoω ⋆ᾱ is aḡ-root; in particular, from (4.14) we haveω
Here for ν ∈ {0, 1, ... , r} the numbers a ν are the Coxeter labels of g and a r+1 := 0.
As an illustration, we display the matrix M for the case of the 'basic' order-N automorphism of g = sl(N), for which the permutationω acts as i → i+1 mod N, for the values N = 2 and N = 3:
(4.20)
We also note that for all N, the determinant of these matrices is The following general properties of the matrix M -valid for arbitrary untwisted affine Lie algebra g (i.e. even for non-simply laced ones) and for arbitrary simple current symmetriesω of the Dynkin diagram of g -can be directly deduced from its definition. First, Mδ = δ, in accordance with (4.15) . Second, M is unipotent; its order equals the order N ofω: 1) ; more precisely, M is a Lorentz transformation, it is orthochronous, and and it maps the weight lattice L g to itself.
That M is orthochronous follows from M ,1) , i.e. that it satisfies M t GM = G with the metric G given by (2.4), one proceeds as follows. With the help of the identity (4.17) one derives from the explicit expressions (4.19) and (2.5) that
For order N = 2, the last term on the right hand side is manifestly zero, while the other terms vanish owing to the identity (4.7). For larger order, it is again easily seen that the last term on the right hand side vanishes, namely as a consequence of the fact that in these cases the fundamental weightsΛ (ω0) andΛ (ω −1 0) are each others conjugates; that the other terms vanish as well can be checked case by case. Finally, to see that M maps L g to itself one must first note that the relation between gweights λ and the associated vectors a(λ) (2.9) is not one-to-one, but rather a(λ + cδ) = a(λ) for all c ∈ C . Moreover, the isomorphism class of the g-module H Λ also depends on the highest weight Λ ∈ L g only modulo Cδ. Taken together, this implies that in the construction above we can prescribe the δ-components of the weights Λ in the construction of section 2 as we like. In particular we can choose Λ in such a way that its coefficient in δ-direction is an integral multiple of (2Kℓ) −1 . Doing so, comparison with the formula (4.13) (see also footnote 4) shows that together with Λ, also MΛ lies on the lattice L g .
Cocycle factors
We would like to describe the action of the conjugation ad U (3.4) for Lorentz transformations which leave the null root δ invariant not only on the string oscillators, but also on the vertex operators (2.11). It follows immediately from the result (3.7) that on the generators K, D and H i m of the vertex operator representationπ Λ this action reads
On the other hand, the action on the generators Eᾱ m requires more work. Using the identity c 2 α = 1 that is satisfied by the cocycle operators cᾱ, we can write
Thus in order to determine the action on the generators Eᾱ m we need to know the action of ad U on the cocycle operators. This action, however, is not determined yet, because the cocycle operators constitute an additional input which is not provided by the string oscillators. In other words, it is necessary to extend the definition of ad U from the algebra A to its extension by the cocycle operators. We will not attempt to achieve this in full generality, but be content to define the action in the case of the specific Lorentz transformations (4.19), i.e. for ad U = ad Uω .
9 To this end we recall (see e.g. appendix B of [14] ) that the cocycle operators for allḡ-roots (and more generally, for every element of the root lattice ofḡ) can be described in terms of certain gamma matrices γ i ≡ γᾱ(i) associated to the simple roots ofḡ. We will define an action of ad Uω on these gamma matrices, which then immediately supplies the action on the cocycle operators.
The gamma matrices satisfy the relations
(here A is the Cartan matrix of g, and we have used thatᾱ (i) ·ᾱ (j) = A i,j for i, j = 1, 2, ... , r). The extension to arbitrary roots (respectively elements of the root lattice ofḡ)ᾱ is based on the prescription
which implies γᾱγβ = (−1)ᾱ ·β γβγᾱ. Here ǫᾱ is a sign factor which for anyᾱ can be prescribed arbitrarily; in particular, it can be chosen in such a way that
for allᾱ,β, where e ·,· is the two-cocycle appearing in formula (4.5), and we will stick to this choice from now on. We now define ad Uω on the associative algebra C that is freely generated by the gamma matrices γ i (i = 1, 2, ... , r) modulo the relations (5.3) as follows. We set
where we introduced the convention that
and we impose the homomorphism property
In order for the definition (5.6) to be consistent and to consistently extend to the whole algebra C, it is necessary and sufficient that, first, for i, j = 1, 2, ... , r (5.6) is compatible with the relations (5.3) of C, and second, that the definition of ad Uω (γ 0 ) is compatible with (5.4). These requirements are indeed satisfied: The first follows as
by the fundamental property Aω i,ωj = A i,j of the permutationω. The second property is a direct consequence of the fact that the relation (5.3) continues to hold for i = 0, which in turn follows from
). The extension of the prescription (5.6) to the whole algebra C is achieved by implementing the property (5.8). We find that this leads to the formula ad Uω (γᾱ) = ηᾱ γω⋆ᾱ (5.10)
for allḡ-rootsᾱ, where ηᾱ is the sign factor that was introduced before the relation (4.5). (This is most conveniently proven by induction on the height ofᾱ, i.e. on the number r i=1 n i of simple roots 'contained' inᾱ = r i=1 n iᾱ (i) . Namely, forᾱ of height larger than one, one can writeᾱ =β +ᾱ (i) for some i =ω −1 0. Then the height ofβ is smaller than the one ofᾱ, so that by the induction assumption we have ad Uω (γβ) = ηβγω⋆β. Hence
which by ηᾱ(i) = 1 and by the identity (4.5) satisfied by the signs ηᾱ reduces to the equality (5.10).) When the cocycle operators are defined via the gamma matrices as in [14] , then the result (5.10) translates into an analogous formula for the cocycle operators themselves:
ad Uω (cᾱ) = ηᾱ cω⋆ᾱ .
(5.12)
It is straightforward to check that this prescription is indeed compatible with all properties of the cocycle operators. 
The simple current vertex operators
Putting the results of the previous sections together, we are finally in a position to obtain the interpretation of the unitary operators U ω as vertex operators for simple currents. As already mentioned in the introduction, in WZW theories one can realize simple currents by the linear maps T ω (1.1) between the irreducible highest weight modules H Λ and H ω ⋆ Λ of g. As the notation T ω indicates, this simple current map corresponds to the outer automorphism ω (4.1) of g. In fact, the map T ω is completely characterized by its action on the highest weight vector of H Λ , which reads
and by the ω-twining property which says that
for all x ∈ g, where π Λ denotes the irreducible highest weight representation (2.14) of g. Because of (6.2), T ω was called an ω-twining map in [1] .
We will now demonstrate:
The ω-twining map T ω (1.1) between irreducible highest weight modules H Λ and H ω ⋆ Λ of g can be realized as the unitary vertex operator U ω ≡ U(M) of the Lorentz transformation M ≡ M ω (4.19) on the string Fock space F . More precisely, by restriction of the linear map
on F to the subspace H Λ ⊆ P Λ ⊆ F one reproduces the map T ω .
To prove this statement, we show that the map (6.3) satisfies the analogueŝ
of (6.1) and (6.2) , and that these properties are preserved by the restriction to irreducible modules.
To verify (6.5), we first observe that the formulae (5.1) and (5.15) hold for M ≡ M ω , and that we can rewrite those equations as
Here we recalled that in the vertex operator representation (2.11) no explicit reference to the highest weight Λ is made and that MΛ = ω ⋆ Λ. In addition, in order to arrive at (6.8) we implemented the identity (4.14) for ω ⋆ α (i) , and for (6.9) we used the fact that according to the definitions (2.11) of Eᾱ m and (4.3) of the integer mᾱ we have to identify
(6.10)
Also note that in the first place the right hand side of (6.8) strictly makes sense only for i =ω −1 0; however, it extends to the case i =ω −1 0 (and, likewise, to i = 0) when one adopts the convention to write
The results (6.8) and (6.9) tell us in particular that on the Chevalley generators of g we simply have
Furthermore, by noticing that aω 0 = 1, so that ω
(i) , and using the identity ξ i = 0 for the numbers ξ i defined in (4.9), one deduces from the results (6.6) to (6.8) that the linear combination D [1] (4.6) of generators of g obeys
Now comparing the formulae (6.7) to (6.9) and (6.13) with the action (4.1) and (4.10) of the automorphism ω of g, we conclude that the equality
holds for all x ∈ {K, D [1] } ∪ {H i m |i = 1,2,...,r, m∈Z} ∪ {Eᾱ m |ᾱ aḡ-root, m∈Z}, and hence by linearity of ω for all x ∈ g. Rewriting this identity as
we learn that the mapT ω (6.3) indeed satisfies the analogue (6.5) of (6.2).
Next we recall that the vector v Λ Λ ∈ H Λ lies in the subspace P Λ of F and is characterized by the properties (2.16) and (2.17). Combining the first of those properties with (3.6) we obtain
while making use of (3.5) it follows that
Thus we can conclude that the vector U ω v Λ Λ ∈ F lies in fact in P ω ⋆ Λ , i.e. is a physical ground state with g-weight ω ⋆ Λ; in particular, taking also into account that the associated vectors a(λ) satisfy (4.18), U ω v Λ Λ can be regarded as the highest weight vector v ω ⋆ Λ ω ⋆ Λ of the irreducible submodule H ω ⋆ Λ ⊂ P ω ⋆ Λ . Hence (6.4) is satisfied, as claimed. (It is straightforward to check directly that the highest weight vector properties hold. Namely, it follows immediately from (6.15) thatπ
for all x ∈ g. In particular, we havê .3), the property (6.5) reproduces (6.2). This finally concludes our proof.
Outlook
In this paper we have presented a realization of the simple currents of a simply-laced WZW conformal field theory as vertex operators acting on the Fock space of a compactified string theory. Besides providing for the first time a concrete field-theoretic description of these primary fields, this construction may also have applications in other areas. For example, by studying the explicit form of the bases of the irreducible highest weight modules of g in terms of the string oscillators, one could extract informations about the structure of the operator product algebra. Also, by organizing the whole string Fock space F into orbits with respect to the action of the simple current automorphismsT ω and using the connection [15, 8] between the compactified string theory and the root multiplicities of hyperbolic Kac--Moody algebras, it should be possible to find relations between the multiplicities of roots which correspond to different affine Lie algebra modules.
It is also interesting to note that to the simple current symmetriesω of the Dynkin diagram of g there are not only associated the outer automorphisms ω (4.1) of g, but in fact isomorphism classes of outer modulo inner automorphisms. The inner automorphisms of g correspond to the Weyl group W of g. Now usually the abelian subgroup of W that is isomorphic to the coroot lattice is realized in a way rather different from the form (4.1) of the outer automorphisms considered here. However, as described in detail in [8] , these Weyl transformations can also be described as elements of the subgroup O ↑ L (r+1,1) of the Lorentz group O(r+1,1), and hence on precisely the same footing as the outer automorphisms. This should prove useful in applications to coset conformal field theories, where in order to study the field identification procedure, it is necessary (except for generalized diagonal cosets [3] ) to deal also with inner automorphisms of the relevant affine subalgebra of g.
Finally we should mention that in our discussions we have followed the habit of talking about 'the' highest weight vector of a highest weight g-module H Λ . Strictly speaking, the highest weight vector is unique only up a to scalar multiple. For our construction this is quite irrelevant as long as the weight ω ⋆ Λ is different from Λ. In contrast, when Λ is a fixed point of the simple current, i.e. when ω ⋆ Λ = Λ (which for integrable weights is only possible for a proper subset of the allowed levels ℓ of g), thenT ω is an endomorphism of P Λ and there is room for an arbitrary phase. To get a complete picture also for such modules will therefore require further study.
